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ABSTRACT
Inhomogeneous osmologial models have reently beome a very interesting alterna-
tive to standard osmology. This is beause these models are able to t osmologial
observations without the need for dark energy. However, due to inhomogeneity and
pressure-less matter ontent, these models an suer from shell rossing singularities.
These singularities our when two shell of dust ollide with eah other leading to
innite values of the density. In this Letter we show that if inhomogeneous pressure
is inluded then these singularities an be prevented from ourring over the period
of struture formation. Thus, a simple inorporation of a gradient of pressure allows
for more omprehensive studies of inhomogeneous osmologial models and their ap-
pliation to osmology.
Key words: osmology: theory  instabilities  osmology: large-sale struture of
Universe
1 INTRODUCTION
There has been a signiant amount of reent interest
in inhomogeneous osmologial models as an alterna-
tive to the ΛCDM onordane model [for a review
see Célérier (2007)℄. These inhomogeneous models are
able to t many osmologial observations without
the need for dark energy (D¡browski & Hendry 1998;
Célérier 2000; Godªowski, Stelmah & Szydªowski 2004;
Alnes, Amarzguioui & Grøn 2006; Alnes & Amarzguioui
2006; Chung & Romano 2006; Alnes & Amarzguioui
2007; Enqvist & Mattsson 2007; Alexander et al.
2007; Brouzakis, Tetradis & Tzavara 2007a,b;
Biswas, Mansouri & Notari 2007; Marra et al. 2007;
Khosravi et al. 2008; Biswas & Notari 2008; Bolejko
2008; Garía-Bellido & Haugbølle 2008a; Enqvist 2008;
Yoo, Kai & Nakao 2008). One priniple method under-
lying these shemes is to use inhomogeneous solutions
of the Einstein eld equations rather than the standard
Friedmann-Robertson-Walker solutions used in ΛCDM
models. The implementation of these models suggests that
we need to live lose to the entre of the Gp-sale void.
There have already been several methods suggested as
⋆
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a test for these types of models. They are based on the
time drift of osmologial redshift (Uzan, Clarkson & Ellis
2008), spetral distortions of the CMB power spetrum
(Caldwell & Stebbins 2008), the kinemati Sunyaev
Zel'dovih eet (Garía-Bellido & Haugbølle 2008b),
future measurements of supernova in the redshift range of
0.1-0.4 (Clifton, Ferreira & Land 2008) and future Baryon
Aousti Osillations measurements (Bolejko & Wyithe
2008). Based on urrent observations, the alternative of a
Gp-sale underdensity is indistinguishable from the dark
energy senario.
However, there remain a number of onerns regard-
ing these inhomogeneous osmologies. In partiular, it is
known that pressure-free LemaîtreTolman (Lemaître 1933;
Tolman 1934) models an evolve to form shell rossing sin-
gularities. This is an additional singularity to the Big Bang
that ours when two shells of matter ollide with eah other,
leading to innite values of the density. These singularities
were rst disussed in the ontext of astrophysial appli-
ations of gravitational ollapse, where it has been shown
that they an form without being hidden inside an hori-
zon, and are therefore globally naked (Yodzis et al. 1973).
However, they are not onsidered as real singularities for
a number of reasons. First of all beause they are weak
in the sense that the spaetime an be extended through
the singularity (Newman 1986; Frauendiener & Klein 1995;
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Nolan 2003; Pleba«ski & Krasi«ski 2006). Seondly, as was
shown by Joshi (1993), an objet sent through the singu-
larity would not be rushed (i.e. they would not be foused
onto a surfae or a line). Finally, in spherially symmet-
ri, asymptotially at Einstein-Vlasov systems, these types
of singularities have been proved not to our (Rein et al.
1995). However, this has not been proved in osmologial
models whih are not asymptotially at.
In gravitational ollapse senario's, shell rossings gen-
erally do not require onsideration beause the initial ondi-
tions are generally unrealisti. However, this is not the ase
in osmologial models. Bolejko et al. (2005) showed that a
large lass of realisti models of voids exhibit shell ross-
ing singularities when the galaxy wall surrounding the void
began to form. In many appliations, initial onditions are
hosen suh that the subsequent evolution does not exhibit
shell rossings (Hellaby & Lake 1985), however this is ex-
tremely inonvenient and prevents the study of a wide lass
of models.
In this Letter we show that the simple inorporation
of pressure gradients leads to an elimination of shell ross-
ings over the time sales involved with struture formation.
Anomalies in the evolution assoiated with the formation of
aousti osillations (see Se. 5) prevent us from determining
onlusively whether this simple inorporation of inhomoge-
neous pressure an permanently prevent the shell rossing
singularities. The struture of the Letter is as follows; In
Se. 2 the Lemaître model is presented. Se. 3 gives an ex-
pliit speiation of the models being onsidered. Se. 4
presents the evolution of both models and shows that suf-
iently large pressure gradients an prevent shell rossing
singularities. Se. 5 then disuss the ourrene of aousti
osillations due to non-zero pressure gradient.
2 THE SPHERICALLY SYMMETRIC
INHOMOGENEOUS SPACETIME
A spherially symmetri metri in o-moving
and synhronous oordinates an be written as
(Pleba«ski & Krasi«ski 2006)
ds2 = eA(t,r)c2dt2 − eB(t,r)dr2 −R2(t, r)dΩ2. (1)
where dΩ2 = dθ2 + sin2 θdφ2. The Einstein eld equations
for the spherially symmetri perfet uid distribution (in
oordinate omponents) are:
G00 = e
−A
„
R˙2
R2
+
B˙R˙
R
«
− e−B
„
2
R′′
R
+
+
R′2
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«
+
1
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„
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«
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3
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1
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R′′
R
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R
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where ǫ is the energy density, p is the pressure, Λ is the
osmologial onstant, κ = 8πG/c4, ˙ stands for ∂t and
′
stands for ∂r.
These equations an be redued to (Lemaître 1933)
M ′ =
1
2
κρc2R2R′, M˙ = −
1
2
κpR2R˙, (6)
where M is dened as
2M(r, t) = R(r, t) +R(r, t)e−A(t,r)R˙2(r, t)−
e−B(t,r)R′
2
(r, t)R(r, t)−
1
3
ΛR3(r, t). (7)
Although in the literature the above system of equations is
usually redited to Misner & Sharp (1964), it was Lemaître
who rst studied them. That is why we will refer to the
spherially symmetri system with inhomogeneous pressure
as the Lemaître model. In the zero pressure ase the system
will be referred to as the LemaîtreTolman model (Lemaître
1933; Tolman 1934) (as is widely aepted).
The equations of motion, Tαβ ;β = 0, redue to
B˙ + 4
R˙
R
= −
2ρ˙c2
ρc2 + p
, A′ = −
2p′
ρc2 + p
, (8)
Integrating eq. (3) the B funtion an be expressed as
eB(r,t) =
R′2(r, t)
1 + 2E(r)
exp
0
@−
tZ
t0
dt˜
A′R˙
R′
1
A . (9)
where E(r) is an arbitrary funtion. For the zero-pressure
LemaîtreTolman model, A′ = 0, implying the time oor-
dinate an be resaled suh that eA = 1 without loss of
generality. Moreover, in this ase eB = R′2/(1 + 2E).
3 MODEL SET-UP
To hek how the pressure inuenes the evolution of the
spaetime, we onentrate on two models: the pressure-
free LemaîtreTolman model and the Lemaître model. Both
models are speied by the same initial data given at the
last sattering instant. The bakground model is hosen to
be a at Friedmann model with Ωmat = 0.3, ΩΛ = 0.7 and
H0 = 70 km s
−1
Mp
−1
. The radial oordinate is dened as
areal distane R at the last sattering instant:
r˜ := R(r, tls). (10)
However, for larity in further use, the˜sign is omitted and
the new radial oordinate is referred to as r. In this Letter
r is always expressed in kp.
In this Letter we are interested in how the gradient of
pressure inuenes the evolution of osmi struture, and
if it an prevent the formation of shell rossing singulari-
ties. The most ommon plae where these singularities o-
ur in pressure-free inhomogeneous models is at the edge of
voids. This is beause the expansion of spae inside under-
dense regions is larger than inside overdense regions and this
fores matter to ow from the voids towards the surrounding
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Figure 1. Density distribution for four dierent instants obtained within the LemaîtreTolman model (dotted line) and Lemaître model
(solid line). The time is indiated at the top of eah panel. R orresponds to the value of the areal distane at the given time instant. Both
models begin their evolution at the last sattering instant, and they are both dened by the same initial data. At t = 109y dierenes
are still small. Between t = 9.95 × 109y and t = 10 × 109y the shell rossing singularity ours in the Lemaître model. At this instant,
the LemaîtreTolman model breaks down, however we still present the prole of a funtion whih before the shell rossing was related
to the density. After the shell rossing, R′ < 0 within some region and this leads to unphysial, negative values of ρ, whih is depited
in the third panel.
galaxy walls, implying onentri shells of matter may ol-
lide. We therefore onsider a model of a void surrounded by
an overdense region. Within voids, due to the lower amount
of matter than in the homogeneous bakground, the urva-
ture of the spae is negative, thus the expliit forms of mass
(M) and urvature (expressed by the funtion E) are
M = M0 +
8>><
>>:
M1r
3 for ℓ 6 0.5a,
M2 exp
h
−12
`
ℓ−a
a
´2i
for 0.5a 6 ℓ 6 1.5a
M1(2a− ℓ)
3 for 1.5a 6 ℓ 6 2a,
0 for ℓ > 2a,
where M0 is the mass in the orresponding volume of the
homogeneous universe [i.e. M0 = (4πG/3c
2)ρb,lsr
3
and ρb,ls
is the bakground density at the last sattering instant℄,
M1 = 8M2a
−3e−3/2, M2 = −0.3 kp, a = 12 kp.
E = −
1
2
×
8>><
>>:
E1r
2 for r 6 0.5b,
E2 exp
h
−4
`
r−b
b
´2i
for 0.5b 6 r 6 1.5b
E1(2b− r)
2 for 1.5b 6 r 6 2b,
0 for r > 2b,
where E1 = 4E2b
−2e−1, E2 = −1.1× 10
−5
, b = 10.9 kp. It
should be noted that other models of voids are also possible 
even ones whih do not evolve from initial rarefations but
from ondensation, f. Mustapha & Hellaby (2001). How-
ever, this partiular void model was hosen beause it de-
velops, as we will show, a shell rossing singularity. As an
bee seen for r > 24 kp1 the mass distribution as well as the
urvature is the same as in the homogeneous FLRW models.
These funtions were used as an initial ondition speied at
the last sattering instant. The initial density distribution
for these models is very lose to the form given in the rst
panel of Fig 1. One an see here that the void region extends
1
For the urrent instant this orresponds to areal distane of
R ≈ 26 Mp.
from R ≈ 1.5 Mp2, and is surrounded by the galaxy wall
whih has a density up to twie the value of the void.
We start the evolution of both the pressure-free
LemaîtreTolman and the Lemaître models from the same
prole of mass and urvature distributions. The only dis-
repany between these models is with the equation of state,
whih was hosen to be of a polytropi form
p = Kρ1+1/n. (11)
The polytropi index is hosen to be n = 3/2 whih is
the ase of a mono-atomi gas. This equation of state is
a good approximation to desribe degenerate star ores, gi-
ant gaseous planets, or even for roky planets. Thus, al-
though realisti onditions within high-density regions in-
side walls might lead to a more ompliated dependene
of pressure, this simple polytropi equation of state an be
treated as a good rst approximation to the problem onsid-
ered in this Letter. The onstant K for the LemaîtreTolman
model, whih is pressure-free, is K = 0 and for Lemaître
model is hosen to be K = 1.98 × 1014 m2/s2. (Se. 4) and
K = 1.08 × 1014 m2/s2 (Se. 5). These are very high val-
ues. For omparison the ratio of standard pressure of air
(pair = 101.325 kPa) to its density (ρair = 1.292 kg/m
3
)
at T=0
◦
C is approximately equal to 7.84× 104 m2/s2. Suh
values were hosen in order to better depit the inuene of
pressure gradients on the evolution of matter. However, even
if suh very sti equations of state are employed, their im-
pat on the evolution is visible only when density gradients
beome large. Thus, the inorporation of this gradient of
pressure mostly aets only regions where the shell rossing
singularities would our.
The algorithm whih is used to alulate the evolution
in the LemaîtreTolman model is the same as the one used
and desribed in Bolejko et al. (2005) and the algorithm
2
This value of the areal radius at t = 109y orresponds to a
present value of around 16.5 Mp.
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whih is used to alulated the evolution in the Lemaître
model is the same as the one used and desribed in Bolejko
(2006).
4 EVOLUTION
The evolution of matter in both the Lemaître and Lemaître
Tolman models is presented in Fig. 1. Both models start
from the same initial onditions at the last sattering in-
stant. As an be seen at t = 109y (Fig. 1a) the dier-
ene between density distributions in these models is still
small  this is beause the pressure gradients are still small.
3
However, with subsequent evolution the density ontrast in-
reases, and hene the pressure gradient also inreases. At
t = 9.95 × 109y (Fig. 1b) the dierene between the evo-
lution of matter within the models with and without pres-
sure is signiantly large. The ratio of ρ/ρb at the maxi-
mum in the LemaîtreTolman model is almost 40, whereas
in the Lemaître model it is around 3.7. At this instant in
the LemaîtreTolman model, for r lose to the maximum,
R′ is almost zero. Soon, the shell rossing ours (R′ = 0,
M ′ 6= 0). At t = 10 × 109y (Fig. 1) the density in the
Lemaître model is everywhere nite  at the maximum
ρ/ρb ≈ 4.1. However, the LemaîtreTolman model is not
appliable, sine it breaks down at the shell rossing. This
is beause after the shell rossing, R′ < 0 (see urve LT in
Fig. 2), implying from equation (6) that the density beomes
negative. At the urrent instant, the density in the Lemaître
model is still nite and free from shell rossings. This shows
that the suiently large pressure gradient an prevent shell
rossing singularities over the period of struture formation
and their evolution. However as it will be shown in the next
setion it is not ertain if simple inhomogeneous pressure an
permanently prevent the ourrene of these singularities.
5 ACOUSTIC OSCILLATIONS
In this setion, the onstant K is almost half of the value
used in the previous setion. For smaller values of pressure,
the density inreases faster than previously whih leads to
a larger density ontrast, whih subsequently leads to larger
pressure gradients. This auses osillations whih are de-
pited in Fig. 3. The nature of these osillations is visible in
the following equation [this is a rearranged eq. (7)℄
e−AR˙2 =
2M
R
+
1
3
ΛR2 +
(1 + 2E) exp
„
−2
Z
dt
p′
ρc2 + p
R˙
R′
«
− 1. (12)
As seen from the above expression, when in a region where
the gradient of pressure is too large, the expansion rate,
e−AR˙2, slows down. When one shell slows, then a shell with
larger r expands relatively faster and the pressure gradient
3
It should be noted that it is the gradient of pressure that mat-
ters. In the ase of pressure being only a funtion of time, the
funtion eB has the same form as in the LemaîtreTolman model,
and the evolution of the system with pressure is very similar to the
evolution without pressure  see Bolejko et al. (2005) for details.
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Figure 2. The dependene of R′(r). The urve denoted as L1 or-
responds to the value of R′ obtained at t = 10× 109 y within the
Lemaître model presented in Se. 4 (see Fig. 1). Curve denoted
as L2 orresponds to the value of R′ obtained at t = 11.74× 109
y within the Lemaître model onsidered in Se. 5 (see Fig. 3).
Curve denoted as LT orresponds to the value of R′ obtained at
t = 10 × 109 y within the LemaîtreTolman model (see Fig. 1).
drops, whih leads to hange of sign of p′ (initially p′ was an
inreasing funtion from 0 to rmax  where rmax orrespond
to the maximum). When p′ hanges sign, the expansion rate
inreases again. This is the origin of the osillations. How-
ever, at one stage these osillations beome so large that
R˙ an hange sign and some shells start to ollapse. Within
the model onsidered in this setion, the rst shells of matter
start to ollapse at t = 11.76 × 109y (note that the osilla-
tions presented in Fig. 3 are shown up to t = 11.74×109y) At
this stage the osillations are so rapid and of large amplitude
that numerial modelling of this phenomena beomes very
diult. This prevents us from further studying the evolu-
tion and to hek if the gradient of pressure is suient to
prevent the shell rossing. The value of R′ at t = 11.74×109y
is presented in Fig. 2 (urve L2).
We also proeeded with smaller values of the spatial
and time steps. However, after R˙ < 0 the analysis beomes
too diult to handle properly within the omoving and
synhronous gauge (1), due to the steep gradients in the den-
sity. This suggests that a more omprehensive and detailed
study of shell rossings singularities and aousti osilla-
tions should be performed within other oordinate systems.
For example the Gautreau oordinates for perfet uid
spaetimes disussed in detail and studied by Lasky & Lun
(2007a,b) an provide a more suitable insight. The
Gautreau oordinates have already proved their usefullness
in studying shell rossing singularities for dust spaetimes
[see for example Newman (1986); Frauendiener & Klein
(1995); Nolan (2003); Pleba«ski & Krasi«ski (2006);
Lasky, Lun & Burston (2007)℄.
6 CONCLUSIONS
In this Letter we studied the shell rossing singularities
whih our in pressure-free spherially symmetri osmo-
logial models. These models have reently beome very
popular beause they an t osmologial observations with-
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Figure 3. Density distribution for ve dierent instants for a
model with equation of state p = 1.08× 1014 ρ5/3 [Pa℄ (see Se.
5 for details).
out the need for dark energy. However, beause of shell ross-
ing singularities, whih our when two shells of matter ol-
lide, the full parameter spae annot be onsidered. We have
investigated the inorporation of pressure into these models.
Adding a gradient of pressure implies the equations an no
longer be solved analytially, although oneptually they are
no more diult  see eq. (6)  and they are still simple to
ompute numerially. We showed that the inorporation of
a pressure gradient an prevent shell rossing singularities
ourring over the period of struture formation. This will
enable the unlimited investigation of these inhomogeneous
osmologial models without the ourrene of these anoma-
lous singularities.
We also showed in this Letter that, in some ases, when
the density ontrast is suiently high, the existene of pres-
sure gradients leads to aousti osillations. At this stage the
numerial investigation beomes troublesome. However, by
hoosing a harder form of the equation of state we an post-
pone the ourrene of shell rossing singularities so they
do not our over the time of struture evolution. It should
be noted that suh harder equations of state require that
the onstant K in (11) be unnaturally large  by several or-
ders of magnitude larger that the realisti value. This means
that to fully desribe the proess of aousti osillations we
need to perform a more omprehensive analysis. In parti-
ular, an appliation of more realisti uids whih allows for
an anisotropi pressure and heat ow is essential.
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